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The group theoretical analysis of Longuet-Higgins molecular symmetry groups
G{m,n) and GB(m) and their torsional extensions G7(m, n) and GB%(m) of molecules con-
sisting of two coaxially rotated partsis presented. The structure of the groups is described
in terms of direct and semi-direct products. The groups G?(m, n) and GB*(m) are shown
to be group extensions of the groups G(m, n) and GB(m), respectively. All irreducible
representations of the groups G(m, n), GB(m), and GB?(m) are derived using standard
techniques of the extension or induction. A restriction method is proposed for derivation
of irreducible representations of the group G7(m, n). The class structure of the groups is
determined and the character tables are given in the most general case.

1. Introduction

During the past 32 years many papers have been written on the symmetry anal-
ysis of molecules consisting of two coaxial rotors using extended permutation-
inversion groups [1-22] (see also Table 1). With the exception of ref. [6] these papers
have dealt with individual molecules not considering common properties of certain
classes of molecules. Nevertheless, in the time of computerization such general con-
sideration of the problem is desirable as it allows to leave the computers most of the
tedious work.

Recently [23,24] the author has proposed general symmetry analysis of such sys-
tems. This symmetry analysis was concerned with classifications of torsional and
rotational states and with the corresponding selection rules of a general molecule
consisting of two coaxially rotating parts. It used (but did not present) results of
extensive group theoretical analysis of the corresponding permutation-inversion
and extended permutation-inversion groups.

The work presented here follows two aims: to show the relations between the per-
mutation-inversion groups and their extensions and to derive complete sets of ordin-
ary irreducible representations of the above-mentioned symmetry groups. Up to this
time, to author’s knowledge, group theoretical analysis of these groups has not
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Table 1
Review of fundamental original papers where the extended molecular symmetry groups were used

for symmetry analysis.

Authors Year Molecule Originalnotation  Present notation

Hougen, Bunker [1-5] 1964-1967  2-butine G, G;G GB(3), GB*(3)

Bunker and Papousek [6] 1969 linear molecules - -

Papousek et al. [7] 1971 ethylene G, Gy GB(2), GB*(2)
nitromethane Gy, G, G(3,2),G*(3,2)

Merer and Watson [8] 1973 ethylene Gis, G GB(2), GB*(2)

Dellepiane, Gussoni 1973 XY,-C=C-XY; Gy, G; GB(1), GB*(1)

and Hougen [9]

Yamada, Nakagawa 1974 X,Y, Dy, GB(1), GB(1)

and Kuchitsu [10]

Hougen[11]; 1980; 1983  ethane Gig, G;G GB(3), GB*(3)

Henry et al. [14]

Hougen [12); Ohashi 1981;1985  hydrazine Gis, G GB(2),GB*(2)

and Hougen[16]

Hougenand 1983 CF3NO Csys Camp G(3,1),6"(3,1)

DeKoven|[13]

Hougen and Ohashi[15] 1985 HF dimer G, GI GB(1),GB*(1)

Hougen[17] 1985 water dimer Gis, G GB(2),GB*(2)

Ohashi and Hougen[18] 1987 methylamine G, G G(3,2),G™(3,2)

Hougen, Meerts 1991 H3C-SiH;4 Gg, G'l"g G(3,3), G"(3,3)

and Ozier[19] .

Hougen, Kleiner 1994 acetaldehyd C3, CF, G(3,1),G6"(3,1)

and Godefroid [20]

Solddn|21] 1994 HY Gis, Gis(EM) GB(2), GB*(2)

Soldén, Spirko 1996 HiD; Gs, G G(2,2),G*(2,2)

and Kraemer [22,23]

been presented on such a general level. Any permutation-inversion group (or its
extension) of this type can be treated as a special individual case of the groups pre-
sented below and the determination of its irreducible representations is reduced to
substitution of a few parameters into simple general formulas. This general
approach to the symmetry analysis is similar to the general approach of
Balasubramanian to the nuclear spin statistics of weakly bounded complexes [25].
This paper is organised as follows: in section 2 the notation is introduced, and
the groups are defined by means of generators and relations using conventions
introduced in ref. [23]. In section 3 structures of the groups are described by means
of direct and semi-direct products. In the case of the Longuet-Higgins molecular
symmetry groups, i.e. the permutation-inversion groups [26], the Woodman
approach is used [27]. (Thus, the “finest” group structures used here are semi-direct
and direct groups products, although some authors [25,28,29] have also used a
group wreath product structure [30] for analysis of symmetry groups of complexes
which contain identical rotors.) Mutual relations between groups are expressed in
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terms of group extensions [31]. The situation here is similar to the case of electronic
double groups, which are expressed as central extensions of the corresponding
point groups [32-34]. In the case of identical rotors, extensions are also central. In
the case of non-identical rotors, the extensions are not central in general. In
section 4 all irreducible representations of these groups are derived using standard
techniques of the extension and induction [35,36] and one nonstandard method,
called here the restriction. Section 5 is devoted to class structures and character
tables of the groups. In appendix A a short review of the language of group exten-
sions is given. Appendix B is devoted to the restriction method for determination of
irreducible representations of certain factor groups.

2. Notation and basic definitions

In this paper, the symbol ““:=" will be used for definitions, the commutator and
anticommutator of group elements a and b are defined as [a, b] := aba~'5"" and {q,
b} := abab, respectively, and the direct and semi-direct products are denoted by ®
and A, respectively (the latter with the normal subgroup at the first position). By
the word “‘representation” we mean ordinary representations, in general, over the
field of complex numbers.

In ref. [23] the presentations of the Longuet-Higgins molecular symmetry
groups (permutation-inversion groups [26]) and their torsional extensions [37] are
derived for the molecules consisting of two coaxial m-fold and n-fold rotors, and
the systematic notation of these groups is also introduced. In the case of non-identi-
cal rotors the molecular symmetry group is denoted as G(m, n) and its correspond-
ing torsional extension as G¥(m, n), where the parameter g of the extension depends
on the fractional representation&, gcd(p, g) = 1, of a scalar inertia parameter of the
internal rotations [13,19,23]. In the case of identical rotors (n = m) the molecular
symmetry group is denoted as GB(m) and its torsional extension as GB*(m) (p = 1
and ¢ = 2 in this case). In Table 1 the notation of already used groups of these types
isrelated to the notation proposed in ref. [23] and used here.

The presentations of the symmetry groups mentioned above are the following
[23]:

DEFINITION 1
The group G(m, n) is generated by elements x, y, and zand relations
"=y =2=xy={z,x} ={z,y} =e. (1)
DEFINITION 2

The group G9(m, n) is generated by elements X, Y, and Z and relations
XM=Y =72"=X"Y"=[X,Y|={Z,X}={Z,Y} =E. (2)
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The group G¥(3, 1) isknown as C3 (see e.g. ref. [13]), the group G7(3, 2) is known
as G, (see e.g. ref. [18]), the group G7(3, 3) is known as G¥; (see e.g. ref. [19]), and
the group G*(2,2) is known as G*(8) (see e.g. ref. [22]).

DEFINITION 3
The group GB(m) is generated by elements x, y, z, and w and relations
=yt=2=w=)={zx} = {7y} =w i =e, (3)
wxw=y. (4)
DEFINITION 4

The group GB?(m) is generated by elements X, ¥, Z, and W and relations
XM=y =Z'=W*=X"Y"=[X,Y]|={Z,X} ={Z,Y}

=[W,Z]=E, (3)

WXW =Y. (6)

The group GB*(1) is known as G2 (see e.g. ref. [15]), the group GB?(2) is the
known group G%s (see e.g. ref. [21]), and the group GB2(3) is known as G5 (see e.g.
ref. [11]).

The generating elements (in the corresponding order) are called the canonical
generators. (It is obvious that the canonical generators of GB(m) or GB?(m) are not
algebraically independent, but, as we shall see below, these presentations are very
useful.) In the following text we shall suppose that g2 and m>n, and the groups
defined above are collectively called the symmetry groups.

3. Group structure

This section deals with a basic analysis of the symmetry groups. Many theorems
presented below are straightforward consequences of presentations of the corre-
sponding groups. Therefore proofs which are obvious or are similar to the ones pre-
sented before are omitted. The terminology of group extensions used in this paper
is given in Appendix A.

3.1. GROUPS G(m, n) AND G%(m, n)

THEOREM 5
The group G(m, n) possesses the following structure:
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m=1, G(1,1) = G(z);
m=2andn=1, G(2,1)=G(x)®G(2);
m>3andn=1, G(m,1)=G(x)AG();
m=2andn=2, G(2,2)=G(x)®G(y) ®G(z);

mz3and n=2, G(m,n) = (G(x)®G(»))AG(z).

Proof

The distinction between the cases of direct and semi-direct products is easily seen
from the equationaza—! = za~2, wherea = x, y. O
COROLLARY 6

The order of the group G(m, n) is 2mn.

Proof

The group structure allows to express unambiguously the elements of G(m, n)
inthe formx*y'Z,k=0,1,..,m—-1;1=0,1,.. ,n—1;j =0,1. O
REMARK

The group G(m, 1) is the dihedral group D,, [35, p. 22].

EXAMPLE |
Suppose that gcd(m, n) = 1. In this case we may exclude generators x and y and
replace them by u = xy. We obtain the presentation of G(m, n) in the form

=2 =umz=e. (7)

That means that G(m, n) is isomorphic to G(mn, 1), i.e. it is the dihedral group
D,,.

PROPOSITION7
G(X,Y) # G(X) ® G(Y) inthe group G?(m, n).

Proof

The commutativity between X and Y still holds, but the demand on trivial inter-
section of G(X) and G(Y) isnot satisfied because E # Y" = X, O
THEOREM §

The group G?(m, n) possesses the following structure:
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m=1landg=2, G*(1,1)=GX)®G(Z);
m22andn=1, G'm,1)=GX)AG(Z);
nz2, Gi(m,n) =GX,Y)ANG(Z).

EXAMPLE2
The group G%(m, 1) is isomorphic to G(gm, 1),1.e. it is the dihedral group D,»,.

EXAMPLE3
Suppose that gcd(m, n) =1. Then the group G%(m, n) is isomorphic to
G(gmn, 1),1.e. it is the dihedral group Dp,.

Now, let uslook at the relation of the groups G(m, n) and G¥(m, n).

THEOREM9
The group G4(m, n) is a g-fold cyclic extension of the group G(m, n) by means
of the subgroup G(X™).

Proof

Generators of the group G(m, n) satisfy relations of G?(m, n) (when the capital
letters are substituted by the corresponding small letters). That means that a map
@, p(A) := afora = x, y, z, and the corresponding capital letter A, can be extended
to an epimorphism of G?(m, n) into G(m, n). The kernel of this epimorphism is the
group G(X™) = G(Y") which is a cyclic group of order g. It follows that the groups
G9(m,n)/G(X™) and G(m, n) are isomorphic. O

COROLLARY 10
The order of the group G?(m, n) is equal to 2gmn.

Proof

The group structure allows to express unambiguously the elements of G¥(m, n)
inthe form X*Y'Z/ k=0,1,...,gm—1;1=0,1,...,n—1;j =0, 1. O
COROLLARY 1!

If gcd(g, m) = 1 and ged(q, n) = 1, then G9(m, n) is a splitting extension of the
group G(m, n) and

G¥(m,n) = G(X™) A ((G(X*) ® G(Y7)) A G(Z)).- (8)

Proof

From the proof of the above theorem, it is obvious that the subgroup G(X, Y)
of G4(m, n) is the g-fold cyclic extension of the subgroup G(x) ® G(y) of G(m, n). If
ged(g, m) = 1 and ged(g, n) = 1, then it follows that gcd(g, mn) = 1. From Schur’s
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theorem [31, p. 201], we conclude that G(X, Y) is a splitting extension of
G(x) ® G(y), and it is easy to verify that the corresponding image of G(x) ® G(y) is
the subgroup G(X7) ® G(Y9). O

COROLLARY 12
If g = 2, the G?(m, n) is a central extension of the group G(m, n).

Proof
Because X™"Z = ZX ™ = ZX™, the element X belongs to the center of
G%(m,n). O
COROLLARY 13
If ¢ = 2and mnis odd, then
G (m,n) = G(X™) ® ((G(X?) ® G(Y*)) A G(2)), 9)
where (G(X?) ® G(Y?)) A G(z) isisomorphic to G(m, n).
Proof
.Odd mn implies that m and n are odd. U
EXAMPLE4

Suppose g = 3, m = 8,andn = 4. Let us show that we may express the generators
X and Y by means of X, X3, and Y3. We need to find such integers i, j, k, and /
that

im+jg=1 and kn+ilg=1.
Inthiscasewe obtaini = 2,j = -5,k = 1,and/ = —1 and

X=X and ¥ =x4'(¥H.

THEOREM 14
The group G(gm, gn) is a g-fold cyclic extension of the group G?(m, n).

Proof

Because the relations of the group G%(m, n) include all relations of the group
G(gm, gqn), using von Dyck’s theorem [38, p. 130], it follows that G¥(m, n) is a factor
group of G(gm, gn). Suppose G(gm, gn) is generated by the canonical generators X,
, and z. Then, the kernel of the natural epimorphism of G(gm, gn) to G?(m, n) is
generated by the element X™y” of order g. O

2.3. GROUPS GB(m) AND GB(m)

For the groups GB(m) and GB*(m) similar theorems are formulated as in the
cases of groups G(m, n) and G?(m, n).
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THEOREM 15
The group GB(m) possesses the following structure:

m=1, GB(l)=G(z) ® Gw) =G(1,1) ® G(w);
m=2, GB(2)=G(x)®G(y)®G(z)®Gw) =G(2,2) ® Gw);
mz=3, GB(m) = ((G(x)® G(y)) A (G(z) ® G(w)) = G(m,m) A G(w).

COROLLARY 16
The order of the group GB(m) is 4m?.

Proof

The group structure allows to express unambiguously the elements of GB(m) in
the form xX*y/Zw', k =0,1,...,m—1;1=0,1,..,n— 1;7,i =0, 1. O
REMARK?2

In the case of m>3 the semi-direct product (G(x) ® G(»)) A (G(z) ® G(w)) is
the wreath product [25,28-30].

THEOREM 17
The group GB?(m) possesses the following structure:

m=1, GBY1)=GX)®GZ)®GW)=_G(mm)®GW);

m=2, GBXm)=G(X,Y)A(G(Z)®GW))=G*(mm)\G(W).

THEOREM 18
The group GB?(m) is a 2-fold extension of the group GB(m) by means of the sub-
group G(X™).

COROLLARY 19
The order of the group GB?(m) is 8m?.

Proof

The group structure allows one to express unambiguously the elements of
GB*(m) in the form X*Y'ZWi k=0,1, ..., gm—1;1=0, 1, ..., n—1; j,
i=0,1. O

COROLLARY 20
If mis odd, then

GB*(m) = G(X™) ® ((G(X?) ® G(Y*)) A (G(Z) ® G(W))), (10)
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where ((G(X?) ® G(Y?)) A (G(Z) ® G(W))) isisomorphic to GB(m).

Proof

The semi-direct product structure and the isomorphism are obvious. Thus, it is
sufficient to prove that the second group is also a normal subgroups of GB?(m). The
statement immediately follows from the equation

X"W =WY"=WX"=WX". .

THEOREM 21
The group GB(2m) is a 2-fold extension of the group GB?(m).

4. Representations

This section is devoted to derivation of irreducible representations (irreps) of
the symmetry groups. In the cases of the groups G(m, n), GB(m), and GB?(m) the
complete set of irreps is derived using the induction and extension techniques [35,
pp. 313-365], [36, pp. 132-162]. The completeness of such obtained set of irreps is
evident from the discussion provided in ref. [36, pp. 157-162]. (Another way to
prove this completeness is to use the fact that the sum of squares of the irrep dimen-
sions over the complete set of irreps is equal to the order of the group [35, p. 186].)
In the case of the group G(m, n) the irreps are derived using the restriction method
derived in Appendix B. (In the remainder of this section the word “extension” is
used only for extensions of representations of a subgroup to representations of an
entire group.)

4.1. GROUP G(m,n)

In this subsection the semi-direct product structure (G(x) ® G(y)) A G(z) is used
for construction of all irreps of the group G(m, n).

Let us denote representations of the group G(x) ® G(y) by I'x; with the conven-
tions Ty = (x) = e and Tei(y) =, k=0,1,...m—1,1=0,1,..,n-1.
Because I'y /(zaz) = I‘k,l(a‘l), a = x, y, the orbit of a representation I'x ; under the
action of the group G(z) is formed by this representation itself and the representa-
tion I'y,_x ,—;. Then, the extension of I'y; exists if and only if 'y = T p—s [35,
p-353],1e,,

e = 2T = 1. (11)

This gives only values k = 0 for m odd, k = 0, m/2 for meven, [ = 0 for n odd, and
I = 0, n/2 for neven. From the relation z2 = e it is obvious that the image of z may
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be only 1 or —1. Thus, the extended 1-irreps can be distinguished using three sym-
bols. The letters A and B distinguish the values 1 and —1 of the 1-irrep on the gen-
erator y, the signs + and — in the superscript of x, and subscripts 1 and 2 of z.

If the extension is impossible, then it means that I'y; # I',u_k 4. In this case the
representation Ey; of G(m, n) induced from I'y ; is irreducible (see Mackay’s irredu-
cibility criterion for induced representations in ref. [39, p. 59]).

Now, a review of all irreps of G(m, n) may be given. Let Z(m, n) be the maximal
set of double-subscripts of nonequivalent 2-irreps of G(m, n). We distinguish cases
of different parity of m and n by means of the ordered pair (P(m), P(n)), where
P(k) = oifkisodd and P(k) = eifkiseven.

Inthecase (0, 0) there are only two 1-irreps: A and A,, and the set

— 1
I(m,n)={(s,t);s=0,l,...,m—l,t:l,2,...,n }

2
m— 1
U {(S,O);s-—- 1,2,...,—-5——}

contains (mn — 1)/2 elements.
In the case (e, 0) there are four 1-irreps: AT, A;, A7 and A7, and the set

m

Z(m,n) = {(s, t,s=1,2,...,=

Z—LtzQL”wn—l}

m n—1
;s =0,—t=12 ...
o{ems=05 =12, 21

contains (mn — 2)/2 elements.
In the case (o, €) there are four 1-irreps: AT, AT, B, and BY, and the set

I(m,n)={(s,z);s:1,2,,.‘,m~1,1-:0,1,...,2—1}

2
m—1 n
U t;s=1,2,...,—— t =0,
{ons=12. 2 =0
contains (mn — 2) /2 elements.
In the case (e, €) there are eight 1-irreps: A, AT, B, BJ, A, A7, B, and B3,
and the set

IMuﬁ:{uﬂmzhlnwﬂ~Lt=QLL“qg}

2
m m n
U{(S,t),S-O,§,§+1,...,m—~l,t-1,2,...,5——1}

contains (mn — 4)/2 elements.
The 2-irrep E;; may adopt by a similarity transformation the following orthogo-
nal form:
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EXAMPLE 5
Suppose m = 4 and n = 2. Then, the group G(4, 2) has eight 1-irreps and

Z(4,2) = {(1,0),(1,1)}.

EXAMPLE6
Suppose n = m. In the case of m odd G(m, m) possesses four l-irreps and

(m? — 1)/2 2-irreps. In the case of m even the group possesses eight 1-irreps and
(m?* — 4)/22-irreps.

4.2. GROUP GB(m)

In this subsection the semi-direct product structure GB(m) = G(m, m) A G(w) is
used in order to determine all irreducible representations of the group GB(m).

Because wxw = y, it is obvious that only l-irreps A}, AT, By, and By of
G(m, m) can be extended to 1-irreps of GB(m). Because w* = e, it follows that the
image of w may be only 1 or —1. Thus, the 1-irreps of GB(m) can be distinguished
using three symbols. The letters A and B distinguish the values 1 and —1 on the gen-
erator w, the signs + and — in the superscript of x (and also y), and subscripts 1 and
20fz.

For a 2-irrep Ei; of G(m, m) the condition of possible extension is satisfied in
two cases: / = k for k <% and / = m — k for k > %. For k <% we obtain two 2-
irreps E;** and E; '~ of GB(m),

E*(w) = diag(1,1), (12)
B~ (w) = diag(~1,~1), (13)
and fork > % we have

E[7(w) = diag(1, -1), (14)
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E_ " (w) = diag(-1,1). (15)

These results are obtained as solutions of matrix equations which arise from the
generating relations of the group using the orthogonal form of 2-irreps of G(m, m).
Similarly independent distinction is given by characters

x(ESHw) =2, (16)
x(Ey75w) = =2, (17)
X(B"52w) =2, (18)
x(Bg yzw) = ~2. (19)

From 2-irreps Eg; of G(m, m), k # [ and k + | # m, 4-irreps of GB(m), denoted
Gy, are obtained by induction.

Moreover, in the case of m even, by induction the following 2- irreps of GB(m)
are obtained: E; from A7 (or B} ) and E; from A5 (or BY).

Results of this subsection may be summarized as follows:

The case of m odd. The two 1-irreps A; and A; of G(m, m) are extended into four
l-irreps AT, AJ, A7, and Aj. The group has 2m — 2 nonequivalent extended 2-
irreps E;"* and E;"~, extended from E,,, and E~ and E;"", extended from En—i1s
wheret = 1,2, ..., (m — 1)/2. There are no 2-irreps of GB(m) induced from 1-irreps
of G(m, m). And the group possesses (m — 1)?/24-irreps G;, induced from 2-irreps
E;, of the group G(m, m). From them, using the equivalence relation Gi; ~ G,
gm_;)_ nonequivalent 4-irreps may be chosen.

The case of meven. The four l-irreps Af, AT, B{, and B; of G(m, m) are extended
into eight l-irreps A, AJ, A7, A7, Bf, BI, B, and B;. The group has 2m — 4
nonequivalent extended 2-irreps E;"* and E;~, extended from E,,, E; " and BT,
extended from E,,_,, where t = 1, 2, ..., 2 — 1. It has two 2-irreps E; and E; of
GB(m) induced from the 1-irreps Bf and B of G(m, m) respectively. And the group
possesses m(m — 2)/2 4-irreps G, induced from 2-irreps E;, of the group G(m, m).
From them, m(m — 2) /4 nonequivalent 4-irreps may be chosen.

EXAMPLE7
Suppose m = 4. Then the group GB(4) has eight 1-irreps, two induced 2-irreps,
four extended 2-irreps, and two 4-irreps.

4.3.GROUP G¥(m, n)
In this subsection the factor-group relation G(gm, gn)/G(X¥"j") ~ G4(m, n) is

used for constructing all irreps of G?(m, n) by means of the restriction method
derived in Appendix B. '
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The only G?(m, n)-restriction condition for an irrep of the group G(gm, gn) is
given by the word X™y".

In the case of ¢ odd or g and m + n even, each l-irrep of G(gm, gn) can be
restricted to the group G%(m, n). In the case of g and m even and n odd, the B irreps
cannot be restricted. In the case of g and n even and m odd, the irreps with the minus
sign in the superscript cannot be restricted.

In the case of 2-irreps E;, of G(gm, gn), the G¥(m, n)-restriction condition is
equivalent to the following selection rule:

S—;L—fzw — 0 mod 27 (20)

Thus, the set Z9(m, n), which parameterizes the nonequivalent 2-irreps of the group
G%(m, n), is the following:

t
I%m,n) = {(s,1) € I(qm,qn);i-_;— is an integer} .

In the following, summary cases of different parity of g, m, and n are distin-
guished by the ordered triad (P(g), P(m), P(n)). (For irreps of G?(m, n) the same
notation is used as in the case of the group G(m, n). In the case of a possible confu-
sion the irreps of the corresponding groups are distinguished.)

In the case of (0, 0, 0), there are only two l-irreps: A; and Aj, and the set
Z9(m, n) contains (gmn — 1) /2 elements.

In the case of (e, o, 0), there are four 1-irreps: Af, AJ, B], and B;, and the set
Z9(m, n) contains (gmn — 2) /2 elements. )

In the case of (o, ¢, 0) and (e, e, 0), there are four 1-irreps: Af, AS, A7, and A7,
and the set 79(m, n) contains (gmn — 2)/2 elements.

In the case of (o, 0, €) and (e, o, €), there are four 1-irreps: Af, A}, Bf, and BJ,
and the set 79(m, n) contains (gmn — 2)/2 elements.

In the case of (o, e, €) and (e, ¢, €), there are eight 1-irreps: A, A, Bf, B, A7,
A;,B7,and B;, and the set Z(m, n) contains (gmn — 4)/2 elements.

EXAMPLE8
Suppose ¢ = 3, m = 4, and n = 2. Then, the group G(12, 6) has eight 1-irreps
and 34 2-irreps. The group G*(4, 2) haseight 1- irreps and

7=1{(1,2),(2,1)(3,0),(3,3),(4,2),(5,1),(7,2),(8,1),(10,2), (11, 1)} .

EXAMPLESY
Suppose g = 2 and n = m, 2-irreps of G*(m, m) are determined by the set of
parameters

I (m,m) = {(s,t) € I(2m,2m);s + t is even}.
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In the case of m odd G?(m, m) possesses four 1-irreps and m? — 1 2-irreps. In the case
of meven the group possesses eight 1-irreps and m? — 2 2-irreps.

4.4.GROUP GB(m)

Due to the same semi-direct product structure as in the case of the group
G B(m) the extension and induction techniques may be applied to the irreps of the
group G*(m, m) in order to obtain all irreps of the group GB*(m). (Of course, we
have also the possibility to derive all irreps of GB?(m) using the restriction method
applied to the relation GB(2m)/G(X™ Y™) ~ GB%(m).)

In the case of m odd, there are eight 1-irreps of GB?(m) extended from four irreps
of G*(m, m). There is no 2-irreps of GB?(m) induced from 1-irreps of G?(m, m). For
the extension 2m — 2 2-irreps of G?(m, m) is used, and 4m — 4 nonequivalent 2-
irreps of GB2(m) is obtained. For the induction (m — 1)* 2-irreps of G2(m, m) is
used, and (m — 1)?/2 nonequivalent 4-irreps of the group GB(m) is obtained.

In the case of m even, there are eight 1-irreps of GB*(m) extended from four irreps
of G?(m, m) and two nonequivalent 2- irreps of GB*(m) induced from the other four
1-irreps of G2(m, m). For the extension 2m — 2 2-irreps of G?(m, m) is used, and
4m — 2 2-irreps of GB*(m) is obtained. For the induction m? — 2m irreps of
G?*(m, m) is used, and m(m — 2)/2 nonequivalent 4-irreps of the group GB*(m) is
obtained.

EXAMPLE 10
Suppose m = 4. Then, the group GB?(4) has eight 1-irreps, 12 extended 2-irreps,
2-induced 2-irreps, and four induced 4-irreps.

5.Character tables

This section is devoted to symbolic character tables of the discussed groups.
For this purpose derivation of the conjugacy class structure is shortly described. In
general, it should be mentioned that the parities of the integers m, n, and g play a sig-
nificant role in the class structure of the groups.

The class structure of the group G(m, n) may be simply derived using the conju-
gacyrelations x'zx = x 2zand y~lzy = y~2z.

From the known class structure of G(m, m) the class structure of the group
GB(m) may be determined using the relations wxw=y and y lx*y'wy
= xkHlpi-ty,

Conjugacy classes of the group G%(m, n) may be derived from the classes of the
group G(gm, gn) by means of the corresponding factorization.

Finally, types of conjugacy classes of the group GB*(m, m) may be determined
in the same manner from classes of G?(m, m) as in the case of the group GB(m) or in
the same way from classes of GB(2m) as in the case of the group G?(m, n).
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Table 2
Symbolic character table of the groups G(m, n) in the case of mand neven,

Class S. S, S, Sy Sk s, s s S,

¥
Noofelements 1 1 1 1 2 nm/4 nm/4 nm/4 nm/4

1

1

;";; ( ~1 -1
" (
(
(

1 mj2
_1;m/2

~1)%2

(m+n)/2 (_1 I+k 1 —1 _1 1
) (m+n)/2 (_I)I-Hc -1 1 1 1
S+t ks-+-mb

)2 2cos(mitng) 0 0 0

=1
[ G

1 1 1
1 1 1
1 ( (—1
1 o (-1
(=™ 1 (-1)"
(-1 1 (- 1"'/2 -1 -1 1 1
( ( (-1
( ( (-1
( ( (-1

The symbolic character tables of the groups G(m, n) and GB(m) are given in the
most complicated cases of m and n even in Table 2 and Table 3, respectively. The
character tables of the other cases are obtained by omitting the corresponding rows
and columns in these tables. The character tables of the extended groups G?(m, n)
and GB?(m) are obtained from the character tables of the groups G(gm, gn) and
GB(2m) using the restriction method (also omitting the corresponding rows and
columns in these tables).

Table 3

Symbolic character table of the groups GB(m) in the case of meven.

Class Ce Cyy Ciy c: Ciy C;’y Cr Ci

No. of

elements 1 1 4(2) m2 /4 m?l4 mP/2 2m(m) 2m (m)

A} 11 1 1 1 1 1 1

AF 1 1 1 -1 -1 -1 1 -1

A7 1 1 1 1 1 1 -1 -1

Az 1 1 1 -1 -1 -1 -1 1

BT 1 1 (- 1)k+l i 1 —1 (—l)kH 1 k+i

B»j 1 1 (- l)k+1 -1 1 1 -1 k+l —1 keti+1

B, 11 (— 1) 1 1 1 et (= 1)k

B; 11 (—1)%+ -1 1 1 (= 1)kt (=1

E 2 (=" (- 1)" + (- ) 2 =2 0 0 0

E, 2 (=12 (=DF+ (-1 -2 2 0 0 0

E/ 2 2 2cos&t o 0 0 0 2cosktior 0

E "~ 2 2 2cos &t o 0 0 0  —2coskHir 0

E, -~ 2 2 2cos =2 0 0 0 0 2cosling
E ™ 2 2 2cos%i27r 0 0 0 0 —2cos&lizr
Gy 4 (-1)"4 2coskthor 0 0 0 0 0

+2 coskthon
m
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6. Discussion

Finally, let us briefly mention the main questions not solved in this study.

From the point of view of application it is desirable to investigate the following
objects concerning the above symmetry groups: projective representations, electro-
nic spin double groups, and symmetry invariants and covariants.

Another question arises when one compares the above extended groups with
another kind of extended groups — electronic double groups. Several authors [40—
42] proposed to use some special projective representations (called spinor represen-
tations) of the point groups instead of the ordinary representations of the double
groups. Their approach is based on the fact that the electronic double groups are
central extensions of the point groups. In this case of the central extension there
exists a certain correspondence between projective representations of the corre-
sponding factor groups and the ordinary representations of the extension. The
group GB?(m) is also the central extension of the group GB(m). It seems to be possi-
ble, in this case, to find an analog to the spinor representations following the approach
of [40-42] modified to the groups GB(m). The case of groups G?(m, n) and G(m, n) is
rather complicated because, excluding the case of g = 2, the extensions are not cen-
tral. It would be interesting to investigate relations between projective representa-
tions of the group G(m, n) and ordinary representation of the group G7(m, n).

All above-mentioned problems are proposed for possible further study.
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Appendix A. Group extensions

Let us recall the definition of a group homomorphism. Let G and H be groups.
A map ¢ : G — H is a homomorphism if ¢(ab) = ¢(a)p(b) for any a, b€ G. A
homomorphism ¢ is monomorphic if ¢(a) = ey implies a = eg. A homomorphism
 is epimorphic if ¢(G) = H. An isomorphism is a homomorphism which is simul-
taneously monomorphic and epimorphic.

Let ker(p) := {g € G| ¢(g) = ex}. Then the fundamental theorem on homo-
morphisms states that the factor group G/ker(y) is isomorphic to the group (G)
[35, p.6].

In this paper the following definition of group extensions is used: 4 group G is
called an extension of a group H by means of its subgroup F if and only if there exists
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an epimorphism ¢ : G — H such that ker(p) = F, i.e. F is a normal subgroup of G
and the factor group G/F is isomorphic to the group H [35, p. 23]. (In refs. [31,
p. 121] the group G is called the extension of the group F by means of the group
H)

An extension is called a splitting extension if there exists a homomorphism
1 : H — Gsuch that ¢ is the identity map on H. In fact, this property is equivalent
to the fact that the group G may be expressed as a semi-direct product G = F A H,
where H is isomorphic to the group H [31, p. 149], [35, p. 23].

An extension is called a central extension if F is a subgroup of the center of the
group G [31, p. 145]. A central splitting extension in fact means that the group G is
isomorphic to the direct product F x H.

For more theory of group extensions the reader is referred to ref. [31, pp. 121~
149].

Appendix B. Restriction method for constructing representations

Let G be a group generated by the set G = {g, ..., g«} of generators satisfying
the relation Rg = {ri, ..., r1}. (A relation is understood as a word in generators.
The group G is then a factor group of the free group generated by these generators
over its normal subgroup generated by the relations.) Let H be a group generated
also by the set G of generators satisfying relations Ry = {r1, .. ., Fi, Fis1, « < -y Pigm -
In the group G, the words r41, . . ., Fi+m are not equal to the identity element. The
group H isisomorphic to the factor group G/N, where N is the normal subgroup of
G generated by ri, 1142, - . ., riym (see von Dyck’s theorem [38, p. 130]).

Let ¥ by amap, ¥ : G — F, where F is a group. The domain of the map may be
extended to all words (in the free group) in the generators by replacing each genera-
tor g; in the word by its image ¥(g;). A map defined in this manner determines a
homomorphism K — F, where K is a group generated by G and a set of relations
Rk,ifand only ¥(r) = 1pforallr € Rg.

Let ¢ : H — F be a homomorphism. Then, because Rg C Ry, it defines the so-
called expandedhomomorphism P(y) : G — F, which satisfies the following equa-
tions P(p)(ri4;) = lr,j =1, ..., m. Moreover, this homomorphism is the only one
because each homomorphism is defined by images of the group generators, and the
generators are the same for the groups H and G. In this manner the map P: Hom(H,
F) — Hom(G, F) is defined.

Conversely, if any homomorphism 1 :G — F satisfies the conditions
Y(riyy) = 1k, j =1, 2, ..., m, then it defines (one) the so-called restricted homo-
morphism Q(¢) : H — F (¢ is called H-restrictable and for any homomorphism
k:G — F the elements k(r4;), j=1, 2, ..., m, of F are called H-restriction
conditions.) Let the set of all H-restrictable homomorphisms G — F be denoted as
Hompg (G, F). Then, in the same way as above a map Q: Homy(G, F) —» Hom(H, F)
is defined.
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It is easy to prove that for any ¢ € Hom(H, F), Q(P(¢)) = ¢, and for any
1 € Homg(G, F), P(Q(v¥)) = 1, i.e. there is a one-to-one correspondence between
the set Hom(H, F) and Homyg (G, F).

Particularly,if F = GL(d, T)and F = GL(d, T)/Z(d, T'), where d is a non-nega-
tive integer and Z(d, T) is the center of the general linear group GL(d, T') over the
field T, the word ‘“homomorphism’ may be replaced by words ““ordinary d-dimen-
sional representation over the field 7’ and “projective d-dimensional representa-
tion over the field 7, respectively. Moreover it is obvious that if the representation
of H is irreducible, then the corresponding expanded representation of G is also
irreducible.

Finally, let us prove the following statement: Let T be an algebraically closed field
of the characteristic 0. If an H-restrictable ordinary representation of the group G
over the field T is irreducible, then the corresponding restricted representation of the
group His also irreducible.

Proof

Let I’ be an H-restrictable irrep of G, x its character. Let h;,i = 1,2, ..., |H|, be
elements of G/N = H. Because I' is H-restrictable, we have I'(a) = ['(b) =: T'(h;)
fora, b € h;. Because I'is an irrep of G we have [35, p. 221]

> x(@x(e™) =16

geG
Then
18] ) 1]
> x(h)x(h) NZINIX(h x(h7")
P L
) _ 16|
L )OS
INIg; ==

Using the irreducibility criterion of characters [35, p. 221] it follows that the corre-
sponding representation of the group H isirreducible. J

That means that there is a one-to-one correspondence between irreps of the
group H and H-restrictable irreps of the group G. This correspondence may be used
for derivation of all irreps of H from knowledge of the irreps of G by excluding the
irreps of G which are not H-restrictable. This approach to the construction of irreps
of H from irreps of G is called the restriction method.
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